Abstract. Let (M n , g) be a compact n-dim (n ≥ 2) manifold with Rc ≥ 0, and if n ≥ 3 we assume that (M n , g) × R has nonnegative isotropic curvature. Some lower bound of the Ricci flow's existence time on (M n , g) is proved. This provides an alternative proof for the uniform lower bound of a family of closed Ricci flows' maximal existence times, which appeared in Cabezas-Rivas and Wilking's paper [4] . We also get an interior curvature estimates for n = 3 under Rc ≥ 0 assumption among others. Combining these results, we can prove the short time existence of the Ricci flow on a large class of 3 dimensional open manifolds with Rc ≥ 0, which especially generalizes the results of Cabezas-Rivas and Wilking in 3-dimension.
Introduction
In [7] , Hamilton introduced Ricci flow and proved that the Ricci flow on any compact 3-dimensional manifold (M 3 , g) with Rc > 0 will deform the metric g to a metric with constant positive sectional curvature. In [6] , Chow proved the above theorem for 2-dim compact surfaces with positive curvature. When n ≥ 4 and (M n , g) × R has positive isotropic curvature, Brendle proved that the Ricci flow deforms (M n , g) to a Riemannian manifold of constant positive sectional curvature (see [1] ).
From all the above, we know that if Rc > 0 when n = 2 and (M n , g) × R has positive isotropic curvature when n ≥ 3, Ricci flow deforms (M n , g) to a Riemannian manifold of constant positive sectional curvature.
In all the above case, using maximal principle, it is easy to get the upper bound of existence time of the Ricci flow on (M n , g). In [12] , M. Simon posed the following question (Problem 3.1 there):
Question 1.1. What elements of the geometry need to be controlled, in order to guarantee that a solution of Ricci flow does not become singular?
In this note, we give a lower bound of existence time of the Ricci flow on compact manifold (M n , g) with Rc ≥ 0, and if n ≥ 3 we assume that (M n , g) × R has nonnegative isotropic curvature. More concretely, we proved the following: Theorem 1.2. Let (M n , g) be a compact n-dim (n ≥ 2) manifold with Rc ≥ 0, and if n ≥ 3 we assume that (M n , g) × R has nonnegative isotropic curvature. Let The existence time's lower bound part of the following theorem is not totally new (see Corollary 5 in [4] ), however in 3-dimension the results seems to be new. And our method to get such lower bound is different from the method in [4] . In the above theorem, we also get some local curvature estimates, which was known in [5] . In [14] , some different local curvature estimates was obtained by M. Simon under different initial assumptions.
One motivation to get such lower bound of existence time is for studying the short-time existence of Ricci flow on open manifold (M n , g) with the assumption in the above theorems.
In [4] , when (M n , g) has nonnegative complex sectional curvature, by considering the doubling of convex sets contained in a Cheeger-Gromoll convex exhaustion of (M n , g) and solving the initial value problem for the Ricci flow on these closed manifolds, Cabezas-Rivas and Wilking obtain a sequence of closed solutions of the Ricci flow (M i , g i (t)) with nonnegative complex sectional curvature which subconverge to a solution of the Ricci flow (M n , g(t)). Finally they successfully established the short-time existence of the Ricci flow on (M n , g) with K C g ≥ 0 among other things (see [4] ).
One of the keys to get the above short-time existence result is to establish the following claim (see In [4] , to get the above lower bound, the authors used an upper bound of scalar curvature integral on unit ball of manifold with curvature bounded from below, which was established by Petrunin in [11] . Petrunin's beautiful result was proved by using deep results in Alexandrov spaces, although the conclusion is in the category of Riemannian geometry.
One of applications of Theorem 1.2 is to provide a direct proof of Claim 1.6 without involving the results in Alexandrov spaces.
Moreover using Theorem 1.4 in 3 dimensional case, and following the same strategy in [4] , we can get the short-time existence of Ricci flow on a larger class of 3-manifolds than the class of 3-manifolds with nonnegative sectional curvature. In [13] , M. Simon proved the short-time existence of Ricci flow on a class of 3-manifolds with Rc ≥ 0, other assumptions about curvature near infinity and injective radius. It seems that our class of manifolds do not have much overlap with his class.
A long term goal in 3-dim case is to prove the short-time existence of Ricci flow on complete manifolds with Rc ≥ 0. We hope that our result will be helpful on studying this long term goal. The more ambitious target is to study the short time existence of Ricci flow on any complete manifold (M n , g), provided that (M n , g)×R has nonnegative isotropic curvature. In this more general scheme, 3-dim case will be exactly the Rc ≥ 0 case. Acknowledgement: The author would like to thank Bing-Long Chen and Miles Simon for their interests and comments. He is grateful to Gang Liu for pointing out the possible connection between Perelman's pseudolocality and the results in the earlier version of this note. He is also indebted to Simon Brendle for discussion and comments, Yuan Yuan for his interest and suggestion. Thanks also go to Zhiqin Lu and Jeff Streets.
Perelman's pseudolocality and local Curvature estimates in Ricci flow
In the following computations, we will use some cut-off functions which are composition of a cut-off function of R and distance function. A cut-off function ϕ on real line R, is a smooth nonnegative nonincreasing function, it is 1 on (−∞, 1] and 0 on [2, ∞). We can further assume that
Another often used notation is = ∂ ∂t − ∆, where ∆ is the Laplacian with the metric g(t).
Let us recall Perelman's pseudolocality theorem firstly (see [10] ). (0)). Let r 0 > 0 and x 0 ∈ M n be a point such that
and 'B g(0) (x 0 , r 0 ) is a δ-almost isoperimetrically Euclidean':
, where c n n n ω n is the Euclidean isoperimetric constant. Then we have the interior curvature estimate
Remark 2.2.
If we choose α = 2 in the above theorem, fix n, x 0 and suitable r 0 , we get that there exists numerical constants δ = δ(2, n) and
We also need a theorem due to Bing-Long Chen in [5] .
Theorem 2.3 (Bing-Long Chen). There is a constant C = C(n) with the following property. Suppose we have a smooth solution to the Ricci flow
and
Then we have
The following proposition is motivated by Theorem 3.6 in [5] . The strategy of the proof is applying Perelman's pseudolocality theorem to get (2.2), then we can use Theorem 2.3 to get (2.3). for all x ∈ B t x 0 ,
We define T 0 as the following:
Recall by assumption, |Rm(x, 0)| ≤ r −2 0 on B 0 (x 0 , r 0 ). Without loss of generality, we assume that T 0 < min{T, 1}. Then there is (
0 . By Theorem 2.1 and Remark 2.2, we get Consider the evolution equation of u = ϕ(
where ϕ is the smooth nonnegative decreasing function chosen as before.
where C 1 is some constant depending only on n.
Let u max (t) = u(x(t), t) = max x∈M 3 u(x, t), then by the maximum principle and the properties of ϕ, and using Lemma 8.3 in [10] , at (x(t), t) we have
where C = C(n, r 0 ) only depends on n, r 0 . Integrating this inequality,
Hence there exists C(n, r 0 ) > 0 such that
We recall the definition of complex sectional curvature. Proof: From the assumption, we get that Rc ≥ 0 is preserved from [7] when n = 2, 3. When n ≥ 4, K C g ≥ 0 is preserved from [2] . Note
We define T 0 as the following: 
where we used the fact Rc(x, t) ≥ 0 and the assumption that |Rm(x, t)| ≤ 2r −2 0 for all x ∈ B t (x 0 , 
. Use compactness theorem for Ricci flow, we can extract a subsequence Ricci flow solutions, which are convergent to a nonflat ancient smooth complete solution to Ricci flow, which has max volume growth and |Rm| ≤ 4.
When n = 2, it is obvious that K C g ≥ 0. We also have K C g ≥ 0 when n = 3, because any 3-dim ancient solution has Rm ≥ 0 by [5] . When n ≥ 4, K C g ≥ 0 is preserved. From Lemma 4.5 in [4] , we know that for any complete nonflat ancient solution with bounded and nonnegative complex sectional curvature, its asymptotic volume ratio is 0. That is contradiction with the max volume growth property we get above. Therefore Claim 2.8 is proved.
Without loss of generality, we can further assume T 0 ≤ 1. Now choose r = 4r 0 and apply Theorem 2.3, we have |Rm(
where C = C(n, ν 0 , r 0 ) only depends on n, ν 0 and r 0 . Integrating this inequality,
Hence there exists C(n, ν 0 , r 0 ) > 0 such that u max (t) < 4r −4 0 when 0
0 . Therefore T 0 ≥ min{T, C(n, ν 0 , r 0 )}. The following lemma is originally due to G. Perelman (see section 10 in [10] ). We do some modifications to make it suitable for our use in the above proof of Claim 2.8. Notice that we do NOT have α < 
Step (I). We firstly prove the following claim.
Claim 2.10. We can find
For (2.8) or (2.9) , we say (x, t) satisfies (2.8) or (2.9) for (x,ť).
Proof of Claim 2.10:
We use the notation (x 1 , t 1 ) for (x,t). If we choose (x,ť) as (x 1 , t 1 ), and any (x, t) satisfying (2.9) will satisfy (2.8) for (x 1 , t 1 ), then we are done. Otherwise, we can find (x 2 , t 2 ) satisfies (2.9) but not (2.8) for (x 1 , t 1 ). Then
By induction, for any positive integer k, we can find (x k , t k ) such that
Because B g(t) (x 0 ,
is compact, |Rm| is bounded on it. By (2.12), the above induction stops at finite steps. Hence we find (x,ť) such that d g(ť) (x, x 0 ) ≤ 2AB − Step (II). Let (x,t) = (x,ť). We will prove the conclusion in the theorem by contradiction. Assume there exists (x,t) such that d g(t) (x,t) ≤
HenceB g(t) (x, . Let x * be such at point of intersection, such that
By Claim 2.10, we get 
This is the contradiction with (2.15). Hencē
By Claim 2.10, we get |Rm|(x,t) ≤ 4|Rm|(x,t). That is contradiction.
Existence time estimate of Ricci flow
Now we are ready to prove our main theorem. Proof of Theorem 1.2: If (M n , g) is flat, We get our conclusion trivially. In the following of the proof, we assume (M n , g) is not flat. We have the following claim: g(t) ) blow up at the same time during the Ricci flow.
Proof: When n = 2, it is easy to get from [6] . The claim follows from results in [7] and [8] when n = 3. When n ≥ 4, we can get the claim from results in [1] and a general maximum principle in [3] .
Assume on (M n , g), the Ricci flow's maximal existence time interval is [0, T 1 ), where 0 < T 1 < ∞. We define T 0 as the following:
T 0 max t t < T 1 , |Rm|(x, s) ≤ 2r Hence T 0 ≥ C(r 0 , n), we get our conclusion. Proof of Theorem 1.4: Recall that (M n , g(x, 0)) × R has nonnegative isotropic curvature is implied by nonnegative complex sectional curvature when n ≥ 4 and is equivalent to Rc ≥ 0 when n = 3. Hence we still have Claim 3.1 under the assumption of Theorem 1.4. The rest proof of Theorem 1.4 is similar to the above proof except that we use Proposition 2.6 instead of Proposition 2.4. 
